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The thermodynamics of dirty (Maxwell-Dilaton) black holes has been extensively studied. It has 
served as a fertile ground to test ideas about temperature through various definitions of surface 
gravity. In this paper, we make an independent analysis of this black hole solution in both, Einstein 
and Jordan, frames. We show that the conformal transformation between these two frames is not 
well defined in the extremal limit. We explore a set of definitions for surface gravity and observe 
the different predictions they make for the near extremal configuration of this black hole. Finally, 
motivated by the singularity structure in the interior of the event horizon in the Jordan frame, we 
use a holographic argument to remove the micro-states from the disconnected region of this solution. 
In this manner, we obtain a temperature which agrees with the standard results in the non-extremal 
regime, and which has a desirable behaviour around the extremal configurations. 
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I. INTRODUCTION 



What is the temperature of an extremal configuration of a black hole spacetime ? The link between 
thermodynamics and relativity has opened up new roads in our quest to probe gravity at a more 
fundamental level. Over the past thirty years a lot of work has been made to understand the 
connection between the laws of thermodynamics and gravitational phenomena [IH3] . This is possible 
through the identification of the surface gravity at the horizon of a black hole spacetime with the 
thermodynamic temperature of such a system [1]. One can safely use this argument in the case 
of stationary - and even quasi-stationary - spacetimes, in agreement with the local equilibrium 
hypothesis of equilibrium thermodynamics. However, the evaporation process of a near-extremal 
configuration of a black hole seems to be a highly dynamical setting and therefore, one is no longer 
entitled to use the analogy with equilibrium thermodynamics [4j. Moreover, it has been argued that 
extremal configurations of a black hole correspond to second order phase transitions [5]. Thus, in 
this context, our opening question is equivalent to that of asking about the temperature of a phase 
transition, taking us beyond the scope of equilibrium thermodynamics. 

In this paper we address the puzzle posed by Garfinkle et-al [5] concerning the temperature of the 
extremal configuration of a charged black hole of string theory when working in the Jordan frame. 
In their article, they found the Hawking temperature of the solution through Euclidean techniques. 
The striking feature is that the temperature does not depend on the charge of the black hole. Thus, 
it is not sensitive to the near extremal configuration and the traditional arguments invoking the 
third law of thermodynamics to prevent the formation of a naked singularity cannot be used. To go 
around this issue, Garfinkle et-al claimed that the flux radiation at infinity goes to zero as the black 
hole becomes extremal. In such case, a discontinuous jump in the temperature from a finite value 
to zero takes place. This rather unusual behaviour has been used to test alternative definitions 
of surface gravity which are more suitable to study similar situations. In particular Hayward [7], 
Nielsen- Visser [5] definitions are 'well-behaved' at the extremal point. 

Leaving aside an attempt to provide an alternative definition of surface gravity for a generic 
horizon, we analyse the thermodynamics of the solution found by Garfinkle et-al, in both, Einstein 
and Jordan, frames. As we will see the conformal factor diverges at the extremal configuration, 
and one should not expect to find the same physical features in both frames [9]. In particular, the 
peculiar singularity structure of the the Jordan frame solution suggests that a holographic argument 
may be used to provide a suitable expression for the entropy of the connected region of this space- 
time. This allows us to find a thermodynamic temperature which complies with the requirements 
expected from the third law of thermodynamics and with the phase transition interpretation of the 
extremal configuration. 

This paper is organised as follows. In section [H] we present the black hole solution obtained by 
[SI HDHT^] in both Einstein and Jordan frames. We take special care of the extremal configurations, 
noting that the conformal factor relating these two frames diverges in this case. We found that 
there is a note worthy misprint in the metric for the Jordan frame in [6] . This affects the extremal 



configuration and alters the location of the even horizon [c.f. (21)]. We observe that the extremal 
configuration of the Jordan frame solution cannot be the limit of a sequence of solutions. In section 
III we compare the results obtained from calculating the surface gravity using a comprehensive set 
of definitions. We argue that the standard definition does not yield a physical result since it is 
unaware of the dynamical nature of the near extremal configurations. Furthermore, the non-trivial 
singular structure of the Jordan frame solution suggests the use of a holographic argument to remove 
the micro-states disconnected from the region of spacetime we analyse. Finally, we compare the 
different predictions from the different definitions for the near extremal behaviour. 
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II. A CHARGED BLACK HOLE IN STRING THEORY 

Let us revise the charged low energy solution found by Gibbons and Maeda [11] and independently 
by Garfinkle, Horowitz and Strominger [6]. For later reference, we call this solution GMGHS. We 
consider the solution in both, Einstein and Jordan, frames individually, thus avoiding any possible 
ambiguity. The corresponding actions we are dealing with are: 



1. In the Einstein frame 



d 4 x 



(1) 



2. and in the Jordan frame 

I, = [ d 4 x 



-R-A (V<t>) +F 



(2) 



Here, R is the curvature scalar, <j) is a dilaton scalar field and F is the Faraday tensor and g a b — 

Let us note that at this level it cannot be said that the physics derived from this two actions is 
the same, as it is usually assumed [SJ. We need to ensure that the conformal factor is well defined 
everywhere in order to exchange the results derived from these two different actions. We will shortly 
see that the conformal factor is divergent when the solution reaches the extremal configuration, thus 
the transformation is not well defined. 

The field equations for the Einstein frame are found in [B] and are given by 



V„ (e^F" 6 ) = 0, 



(3) 



V 2 </> + -er^F 2 =0, 



(4) 



R ab = 2V a 0V b + 2e-^F ac F b c - -g ab e 

whilst those derived from the Jordan action are 

V a (e-^F^) = 0, 



2 1 



-r = o, 



(5) 

(6) 
(7) 



Rab = -4V a 0V 6 + 2F ac F b c - l -g ab F 2 . (8) 
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A. Einstein frame solution 



The field equations derived from the action ([T]) have the static and spherically-symmetric solution 
given by [12] 



d S | = - 



2M~ 




2M~ 


-l 


1 


dt 2 + 


1 


dr 2 + r 


r 




r 





Q 2 e 



2„ — 20o 



M 



dft 2 , 



(9) 



-20 E 



-2<f> a 



)2 e -2<f>0 

Mr 



and 



F E = Q sin 0d6» A dip. 



(10) 



(11) 



Here M represents the mass of the black hole, Q is the magnetic charge and <f>o corresponds to the 
asymptotic value of the dilaton field. Note that the non-angular part of the solution is completely 
equivalent to that of the Schwarszchild solution. However, this similarity is only apparent since the 
radial coordinate does not correspond to the areal radius. 

To make a thermodynamic analysis of this solution, we transform the above metric to areal 
coordinates. To avoid confusion and introducing unnecessary notation we keep the labels t and r 
of the original coordinate system. The reader should remember this point whenever using any of 
the following results directly on the original solution ([9])-( 111. Thus, using the fact that any static, 
spherically symmetric metric has the general form [5] 



= -<r(r) 2 f{r)dt 2 + /(rj^dr 2 + r 2 dft 2 , 



we see that, in the case of (J9j) we have 

m = - 



4M 2 e 20 o 



Q2 + ^Q4 + 4e 40 o M 2 r 2 



e 40 o M 2 r 2 



and 



cr(r) 



\/Q 4 +4e 4 ^M 2 r 2 ' 

This solution has a true curvature singularity at r = and the event horizon is located at 



> — 20o 



[4M 2 e 



20o 



2Q 2 



(12) 



(13) 



(14) 



(15) 



Thus, we see that in contrast to the Reissner-Nordstrom case, there is no inner horizon. The 
'extremal' configuration occurs when the horizon completely vanishes, that is when 



q2 = 2e 2 * a M 2 , 



and the metric becomes 



d4 



7m 2 
Vm 2 



M 
— ( 
M 



-dt 2 



M 2 



VA/ 2 + r 2 

Vm 2 + r 2 



M 
M 



dr 2 + rW, 



(16) 



(17) 
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which describes a naked singularity. 

It follows from the dilaton solution ( 10 1 that the function e 2 ^ evaluated at the horizon diverges 
in the extremal limit. This is a crucial point since this function is the conformal factor relating the 
two frames [6]. Therefore, we cannot estate that the dynamics of these two frames are equivalent 
in the extremal case. 



B. Jordan frame solution 



The metric solution of the equations of motion derived from action ([2| is 



ds 2 = - 



1 - 



2Me*° 



1 - 



Q 2 e-'»0 
Mp 



dr 2 



dp 2 



2A/e*o 



)(> 



Mp 



p 2 dfl 2 



(18) 



This solution can also be found through a conformal transformation of the metric ^ followed by a 
rescaling of the non- angular coordinates given by r — e^°t and p — e^ a r, where the temporal and 
spatial coordinates are labelled by r and p, respectively. 
The solution for the electromagnetic field is given by 



Fj = [e 2 *°Qsin0] 



1 



Mp 



d6 A dip. 



(19) 



while for the dilaton field it becomes a formal expression involving integrals of Heun confluent 
functions. 

It is straightforward to see that the metric for the extremal configuration takes the form 



ds 2 



-dT 2 



1 



2Me*° 
P 



dp 2 + P 2 dn 2 



(20) 



Notice that in the original work of Garfinkle et-al [6] there is a misprint in the exponential factor 
accompanying Q 2 . In their work it appears to be e 3 * where we have e~^°. This seemingly harmless 
change is important since the extremal limit changes drastically, as one can verify directly if one 
uses their expression. However, the extremal metric, equation (15) in [6], is the correct limit of 
| (18| , above. 

The horizon is located at 



= 2Afe 00 , 



(21) 



and quick inspection of the Ricci scalar reveals that, in addition to the singularity at the origin, 
the curvature diverges where the inner horizon would have been, i.e. at 



P- 



Q 2 e 



M 



(22) 



This separates the spacetime into two disconnected regions divided by a singular shell. Moreover, 
in this case p is a true areal coordinate and the event horizon at p = p + depends only upon the 
mass of the black hole. Therefore, if we make Hawking's identification of entropy with a quarter 
of the area of the event horizon, and take the mass and charge as the other two thermodynamic 
degrees of freedom, we would not obtain a consistent first law, as we will see in the next section. 
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Figure 1. This figure shows the curvature scalar of a sequence of neighbouring solutions to the extremal 
configuration of the GMGHS black hole. The red line represents the curvature of the extremal solution, 
whereas the blue and green are those for which M = M cxtroma i ±e. These lines diverge at the value p = p_, 
except for the extremal one. Here, we are using Q = 1 and (j>o = for the charge and dilaton, respectively. 
We take e = 0.05, 0.005 and 0.005 from left to right. 



The extremal configuration occurs when 



? 2 = 2e 2 <t' M 2 , 



(23) 



and has the feature of removing the shell singularity from the solution. To see this, let us explore 
the curvature scalar of neighbouring solutions of the extremal configuration (20 1. Here, there is 
no longer an event horizon and all that is left is a naked singularity at the origin. In figure [T] we 
show a sequence of plots for the curvature scalar of various neighbouring solutions of the extremal 
configuration. We observe that the extremal metric is not a cluster point in the space of solutions. 
Moreover, no perturbation of the extremal configuration reproduces the singularity structure of the 
Jordan frame metric, equation (18). 



From the above discussion it is clear that we are dealing with two solutions which fail to be 
conformally related in the extremal case. In the coming sections, we make a thermodynamic 
analysis for each solution separately. In particular, we will see that the two solutions represent very 
different thermodynamic settings. 



III. SURFACE GRAVITY OF THE GMGHS BLACK HOLE 



In the traditional physics jargon, surface gravity has become a synonym of temperature. Indeed, 
in stationary configurations, the surface gravity is an invariant quantity unambiguously defined once 
a normalisation convention is set. However, in a more dynamical setting a suitable definition of 
surface gravity becomes a more subtle matter; just as in non-equilibrium thermodynamics we can no 
longer define temperature without ambiguity. In this section we recall a set of definitions of surface 
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gravity obtained by various authors and compare their near extremal behaviour in the GMGHS 
solution. We proceed as in the previous section and make a separate thermodynamic analysis in 
each frame. Here, we limit ourselves to explore how different definitions of surface gravity match 
the empirical behaviour one would expect if the laws of black hole mechanics could be extended 
into the non-equilibrium regime. In particular, the peculiar nature of the solution in hand provides 
us with a useful probe to test various ideas on the matter. 

The definitions of surface gravity that we use are all valid for spherical symmetry. Our selection is 
by no means exhaustive but we have chosen a few representatives to illustrate the different physical 
predictions arising from a seemingly harmless ambiguity, which we explain below. 

The standard procedure to find the surface gravity of a stationary spacetime is through its timclikc 
Killing vector filed, £ a . At the horizon, this vector field becomes null and the surface gravity is 
defined as the proportionality factor measuring its departure from a geodesic curve, 



(24) 



It is conventional to adopt a unit normalisation at infinity in order to remove the ambiguity arising 
from rescaling of the null Killing vector. Note that this is valid only in the case of asymptotically 
flat spacetimes. In such case, the surface gravity is simply given by |13j 



1/2 



(25) 



In the case of spherical symmetry there is a number of ways in which one can calculate the surface 
gravity. If the spacetime is also static, all of these should be equivalent. Indeed this is true for 
Schwarszchild and Reissner-Nordstrom black holes but not in general, as we show below. 

Let us begin with one of the most widely used definitions of surface gravity for a static and 
spherically symmetric spacetime [13j 



k 2 = lim 



1 



dgtt 



ZyJ-gttgrr Or 



(26) 



In the case of a dilaton black hole (dirty black hole) , Visser has shown that an equivalent way of 
calculating the surface gravity is given by [T3] 



«s - —e"^ [1 - b'(r h )] , 
2r h 



(27) 



where the function b(r) is obtained by expressing the time and radial components of the metric in 
the form 



gu = e-W 



b(r) 



and g rr — 



1 - 



b(r) 



(28) 



and where the prime denotes differentiation with respect to r. 

There is a more general definition introduced, by Hayward [7j, valid also in the dynamical, but 
still spherically symmetric, scenario . It is obtained by considering the geometry of the two-surface 
formed by the time and radial coordinates of a spherically symmetric spacetime, and it is given by 



f 



K 4 



* 2 d * 2 dr, 



(29) 
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where *2 represents the Hodge dual operator of the two dimensional space normal to the spheres 
of symmetry. 

Alternatively, one can use Euclidean techniques to find the surface gravity. In this case, one 
starts by transforming the metric into Kruskal-Szekeres type coordinates and identifying the period 
of the Euclidean section in the last step of the coordinate transformation. This elegant approach, 
however, is not free of ambiguities either [15] . Let us write the final coordinate relation as 



it = F(r) sin ( 1 ) and x — F(r) cos [ 1 

1 2rv / V 2r, 



where r g denotes the gravitational radius and the Euclidean section radial functions are 



(30) 



Fe(t) = (coshaE + sinhaE) 



Q2 e -20 O + % / 4M 2 r 2 + Q4 e -40 O _ 4M 2 



Fj(p) = (cosh a j + sinhaj) y/ p — 2Me*° , 



M- 



(31) 
(32) 



with 




4M 2 r 2 + g4 e -40 o 
4M 2 e 20 o _ 2 Q2 



and 



1 P 

4 Me* 



(33) 



for the Einstein and Jordan frames, respectively. We can read out the period (3 of the Euclidean 
section directly from ( 30 ) . This will be proportional to the temperature of the black hole and we 



can define the Euclidean surface gravity as 



K 5 



2tt 

J 



1 

2^ 



(34) 



which is equivalent to that of the Schwarszchild and Reissner-Nordstrom cases. This, however, 
is an artifact of the freedom we have in choosing the argument of the exponential functions for 
the Kruskal-Szekeres coordinates In this sense, such a choice is equivalent to the normalisation at 



infinity in the standard definition ( 25 



For comparison, let us consider also the surface gravity of the Reissner-Nordstrom black hole 

maim 



K 6 



2 i 



(35) 



Interestingly, for the GMGHS solution in the Einstein frame the value of kq coincides with that 
of the Euclidean surface gravity, K5 , while in the Jordan frame it is equal to the dynamic surface 
gravity K4. 

One can also use the first law of thermodynamics to find temperature, and hence the surface 
gravity. To do this, we apply Hawking's expression for the entropy and use it as the thermodynamic 
fundamental relation, whose degrees of freedom are AI and Q. Thus, the 'thermodynamic' surface 
gravity is given by 



dS ~ 

dM 



(36) 
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It is important to note that this last expression is well defined only when a true thermodynamic 
fundamental relation is provided. That is, when the thermodynamic potential depends at least on 
two degrees of freedom. In this case, if we take the mass as our thermodynamic potential, we must 
have M = M(S, Q) or, equivalently, S = S(M, Q). In the Einstein frame the entropy is given by 

S E = ^A E = Tir\ = [AM 2 - 2QV 2 ^] it, (37) 



where we have used the areal coordinates of the metric (12). However, when the same argument is 
applied in the Jordan frame we obtain 

Sj = -Aj = TTp 2 + = 47rM 2 e 2 ^. (38) 

This is not a good fundamental relation and we cannot write down a Gibbs one-form for the first law 
of thermodynamics in the entropy representation. Nevertheless, the thermodynamic surface gravity 
can be easily calculated, although we cannot expect it would be of any physical relevance. Also, 



note that the fundamental relation, equation (37), is a separable function, and thus the temperature 
does not depend on Q. 

There is one final point we need to attend. As we have shown in the previous section, the solution 
in the Jordan frame has a non-trivial singularity structure, dividing the GMGHS spacetime into two 
disconnected regions. All the volume enclosed by the singular shell at p — p~ cannot be connected 
in any physical way to the exterior of the shell. Therefore, one might be over-counting the internal 



micro-states in the expression for the entropy ( 38 ) . To make an appropriate use of the holographic 



principle we need to remove those microscopic degrees of freedom which cannot have an imprint 
in the event horizon. The simplest way of doing this, is by removing the region enclosed by the 
surface of radius p_ centred at the origin, and define an effective area enclosing the volume of the 
region p_ < p < p + . Since the minimal area enclosing a given volume is a sphere, we have 

Aj = 4nr 2 cS = An (p 3 + - pi) 1 , (39) 

where the quantity r c g is the effective radius of the sphere and the associated entropy for the Jordan 
frame solution becomes 

„, \8M e - Q 6 e 6< M * , 
Sj = Tre 2 * ± ^ L , (40) 

providing us with a true fundamental relation Sj = Sj(M,Q). In this case, the thermodynamic 



surface gravity, equation ( 36 1 , can be written in the compact form 



* 8 = M [P \ /-) 3 . (41) 
P+ + P- 

The outcome of the different definitions presented above is summarised in table [I] It is worth 
noting that K\, «2, «4 and K7 should all agree. It is interesting, however, that we do find unexpected 
disagreements, as discussed by Hayward et al. in [7]. In the next section we will explore the 
thermodynamic implications of these results. 
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Einstein frame 


Jordan frame 




[AM]' 1 




K2 


[AMY 1 


[4 A.f p </>ol _1 


K3 


[AM]- 1 


[4Me*°] _1 


K4 


| [4M 2 e^° - Q 2 J M' 2 e' t ' y/AM 2 e 2 'l>o - 2Q 2 


| [2M 2 e 2 * -Q 2 ] [M 3 e 3<#, °] _1 


«5 


2 C 


^/4M 2 e 2 *> - 2Q 2 


-i 


[4Me*°]"' 


KG 


1 P 0O 


v /4M 2 e 2< *o - 2Q 2 


-i 


| [2M 2 e 2 * -Q 2 ] [M 3 e 30o ] _1 


K 7 


[AM]' 1 


[4Me 2 *] -1 


Kg 




M 3 e 2 ^ [8M 6 e 6 * - g 6 ] 3 [8M 6 e 6 * + Q 6 ]" 1 



Table I. This table shows the different results obtained after calculating the surface gravity in each frame. 
We observe that: (a) For Einstein frame ki is in complete agreement with that obtained through Gibbs 
thermodynamics, K7, albeit being completely featureless at the extremal configuration (see figure 111). The 
dynamical definition, K4, shows a more interesting behaviour in the near extremal regime, where the sta- 
tionary regime starts to fail, (b) For the Jordan frame, the agreement occurs between K4 and K5, whereas Ki 
and K7 differ in the asymptotic value of the dilaton field. There is an extra definition, Kg, which corresponds 
to the effective Gibbs surface gravity for this solution. 



IV. THERMODYNAMICS OF THE NEAR EXTREMAL CONFIGURATION 



The results from the previous section show a minor disagreement between some of the definitions 
of surface gravity. As it was pointed out by Hayward |18] , when such a situation occurs, we should 
make use of additional physical input to make a clear disambiguation. In figure [2] we show the 
temperature associated with each one of the surface gravities in table [TJ 

In the Einstein frame, the standard definition of surface gravity, K\, and that obtained through 
the fundamental relation (37), K7, are the same. However, they are not sensitive to the extremal 
catastrophe which takes place, i.e. the transition from a black hole to a naked singularity. In 
both cases, the temperature continues to raise and diverges when all the mass has evaporated, 
similar to the Schwarszchild case. On the other hand, Hayward's dynamical surface gravity, K4, 
and the RN analogous expression, Kg, do show some critical behaviour near the extremal point. 
The divergence in the extremal configuration should not be taken at face value. It is simply and 
indication that we are no longer in a regime where stationarity holds or, equivalently, where the 
local equilibrium hypothesis begins to fail. Here, small changes in the mass produce drastic changes 
in the thermodynamic variables. Far from the extremal regime, all definitions asymptotically agree. 

At first sight, the Jordan frame solution keeps some resemblance to its counterpart but, given 
its different mathematical structure, there are very obvious differences. The first one, is that 
the standard and Gibbsian definitions of surface gravity do not exactly match. In fact, it would 
very surprising if they did since the temperature associated with K7 is not well defined, i.e. the 
fundamental relation has only one thermodynamic degree of freedom [see equation (38)]. However, 
it comes as a surprise that the dynamical surface gravity K4 is actually identical to the one obtained 
through its Reissner-Nordstrom analogue. Similarly to the other frame, Hayward's definition, K4, is 
aware of the dynamical nature surrounding the extremal point. Moreover, since it is identically zero 
at the extremal value, one can invoke the third law of thermodynamics to prevent the transition to 
a naked singularity after the event horizon disappears. 
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Finally, note that the temperature associated with k% also goes to zero in the extremal limit, 
but with a vertical slope. Such behaviour describes better the thermodynamic situation in the 
vicinity of a phase transition. Similar to the Einstein frame, we see that small variations in the 
mass around the extremal configuration have a large impact on the temperature. This, again, 
indicates the failure of the local equilibrium hypothesis at the extremal point. Moreover, in this 
frame one could set up a criterion to quantify how close to the extremal configuration one can go 
before non-equilibrium effects dominate. For instance, the location of the maxima suggest that one 
can can safely consider configurations with 



M' 



(42) 



and 



M 2 > 



32 + 8V13 



1/3 



Q z e 



2 „-2</>o 



(43) 



for both K4 and Kg, respectively. 



V. CLOSING REMARKS 



In this paper we have analysed the low energy solution found independently by Gibbons and 
Maeda and Garfinkle, Horowtiz and Strominger. We studied the conformal transformation between 
the Einstein and Jordan frames and showed that the conformal factor is not well defined in the 
extremal limit and, therefore, the corresponding dynamics are not equivalent in this case. This 
was a crucial point in our discussion since we were interested in the near extremal behaviour of the 
solution. Moreover, by inspecting the curvature scalar of the Jordan frame solution, we observed 
that the extremal metric cannot be a cluster point in the space of solutions to the Einstein field 
equations. 

Motivated by a recent study of the thermodynamic geometry of this solution in the vicinity of 
the extremal configuration |19j . we explored a comprehensive - although not exhaustive - set of 
definitions for the surface gravity. In our analysis, all definitions, but K4, assume that the black 
hole transits quasi-statically through equilibrium points. This is not a valid assumption near the 
extremal configurations, as one can deduce from the temperature behaviour near this point. The 
'dynamical ' surface gravity, K4, was constructed in order to avoid this extrapolation and to have a 
local definition of temperature. Moreover, it vanishes at the extremal configuration, in accordance 
with the third law of thermodynamics. Furthermore, inspired by the holographic principle and the 
singular structure of the Jordan frame solution, we tailored a definition for the thermodynamic 
surface gravity, Kg from an effective entropy, whose associated temperature also goes to zero in the 
extremal limit at an infinite rate. Such behaviour describes better the thermodynamic situation in 
the vicinity of a phase transition. The analysis is summarised in table [TJ 

In sum, the equivalence between temperature and surface gravity is a delicate issue. There is 
no clear argument to prefer a particular definition other than our own physical intuition. We 
believe that an alternative solution to study these systems lies in the realm of a non-equilibrium 
thermodynamic theory for spacetime |20j or, ultimately, a quantum theory of gravity that provides 
us with a true counting of the gravitational micro-states [21j . 




Figure 2. Temperatures associated with the surface gravity definitions presented in table [T] 
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